ABSTRACT. In [R-S], the conjecture by W. Thurston [Th] that the hexagonal circle packings can be used to approximate the Riemann mapping (in the topology of uniform convergence in compact subsets) is proved; and in [He], the derivatives of these approximations are shown to be convergent.
INTRODUCTION
Let P be a circle packing which "almost" fills up some fixed simply connected domain fi. Suppose that the nerve (or graph) of P is equivalent to the 1-skeleton of a triangulation of the closed unit disk D = {z € C; \z\ < |1}. Then by the Circle Packing Theorem, there is a circle packing P f in D which is combinatorially equivalent to P, such that all the boundary circles of P' are tangent to the unit circle. Let Qp be the union of all triangles of centers of mutually tangent triples of circles in P. As in [R-S] , there is a simplicial map fp: Qp -» D which maps the centers of circles of P into the centers of circles of P'. We may normalize fp by a Mobius transformation so that is the ratio of the radii of a target circle to its source circle nearest to z (see [Ro] ).
In this paper, we will show that the results of [R-S] and [He] can be generalized easily for more general circle packings. The generalized approach of [He] leads to the following result. 
-► 0 as e -► 0.
K
The rate of convergence depends only onk^, K and 0.
The rest of the paper will be organized into two sections which can be read independently. In the first section, we will explain how to generalize the method of [R-S] to obtain uniform convergence for fp\ here we work with the additional hypothesis that the ratios of radii of circles of P are uniformly bounded. Note that the hypothesis of uniformly bounded radii ratios implies that the valences of P are also uniformly bounded. In the second section we show how to modify the argument of [He] to prove Theorem 2.1.
Acknowledgement. The first named author wishes to thank Professor Jim Cannon for a discussion which helped him to clarify a misunderstanding. Recall that the proof of [R-S] uses a compactness property of circle packings, a length-area inequality, and an approximate rigidity result for large pieces of the hexagonal packing. Let us start with the compactness property. Proof. First choose a subsequence of Co,n which converges to a circle, say Co : ooNow, since the valences of P n are uniformly bounded, we may choose a further subsequence such that the valences of Co,™ in P n are the same, say equal to ji.
Let c i)n , i = 1,2,... jji, be the circles of P n which are tangent to Co,n-Then by the ring lemma [R-S], the radii of these circles are also uniformly bounded both from above and from below. So, we may select a further subsequence such that for each i = 1,2,..., ji, the sequence c^n converges to some circle Ci |00 . Because of the bounded valence property, the number of circles in any finite number of generations of P n arround Co )n is uniformly bounded, so we may continue this process for all generations to get a sequence of subsequences.
Then the diagonal sequence will satisfy the requirement of the lemma. □ In [R-S], a length-area argument was used to show that the border circles of P 7 shrink to points, and consequently the Caratheodory distance <i(<9$7p,<9f2) tends to zero, as e -> 0. Those arguments extend to nonhexagonal packings in the following way. Proof of Theorem 1.1. Let P n be a sequence of circle packings satisfying the hypothesis of Theorem 1.1 such that e n = max{d(<9f2p,<9Q), mesh m(P)} converges to 0. Let fp n : fip n -► D be the associated mappings constructed in the introduction. We need to show that fp n converges to the Riemann mapping / : Q, -► D which satisfies (0.2).
Lemma 1.3 (Length-Area Result
By the ring lemma of [R-S], fp n are all uniformly quasiconformal mappings; and thus a subsequence (still denoted by the same notation) converges to some mapping, say fitt-^D which is either quasiconformal or a constant. But Lemma 1.3 implies the image of /' is D and thus /' is a quasiconformal homeomorphism of Q, onto D. Clearly /' satisfies (0.2).
It remains to show that /' is conformal. Let // n be the complex dilatation of fp n . We claim that /i n converges to zero at almost every point of f2. Suppose by contradiction that there are a set of w E £1 of positive measure, a 6 > 0, and a subsequence (still denoted by // n ) of /i n such that (1.2) >nH|><5.
Prom the definition of the mappings fp n , it follows that for each n there is a triple of mutually tangent circles Co,n> c i,n and C2,n of P n such that:
(i) w is contained in the triangle of centers of Co jn , Ci )n and C2 >n ; (ii) if CQ n , c[ n and C2 n are the corresponding circles of P^ (constructed in the introduction), then the triangle of centers of Co )n , c^ and c^n is not nearly similar to the triangle of centers of Co,n5 Ci )n and C2,nClearly, the packings P n and Co )n , and P^ and c^ satisfy the conditions of Lemma 1.2 after transformations by affine similarities. It follows that (some subsequence) of the transformed packings P n and P^ converge to some infinite packings, say, PQO and P^. Since the circles of P n have uniformly bounded ratios, the carrier of PQO must fill up the whole plane. Then by the rigidity result of [R-S], PQO and P^ are similar. This contradicts the above conclusion that the triangle of centers of CQ )n , c^ and c^ is not nearly similar to the triangle of centers of co )n , Ci )n and C2,n-Hence //n(w) must converge to zero. The rest of the proof is just the same as [R-S]. □
CONVERGENCE IN THE CASE OF BOUNDED VALENCE
In this section, we will prove the following stronger result under the weaker condition of bounded valence. 
The rate of convergence depends only on ho, K and ft.
We will begin with the definition of some constants similar to the hexagonal circle packing constants s n introduced in [R-S]. Let n be an integer > 2. Suppose that P n is a circle packing in C such that
(1) The valence of P n is bounded by fco;
(2) The radii of the circles of P n are all bounded from above by some positive r; and there is some "center" circle CQ of P n such that carrier of P n contains a closed disk of radius (2n + l)r which is concentric with
CQ.
Here the carrier of a circle packing is understood to be the union of all the closed disks and the triangular interstices bounded by the circles.
Let P^ be any other circle packing of C combinationally equivalent to P n .
Suppose that and let
The following theorem follows mutatis mutandi from [He] . Actually the proof under the new setting is more direct.
Theorem 2.2.
There is a constant C depending only on ko such that n Proof. Let us normalize P n so that Co becomes the unit circle dD = {z G C; \z\ = 1}. Let m be a positive integer with m < n. For m = 1, let Pi be the first generation of P n arround CQ; for m > 1, let P m be the subpacking of P n which consists of all circles which are contained in the closed disk of radius (2m + l)r centered at the origin. Let G m be the Schottky group generated by inversions on the circles of P m . Denote by J m the union of images by the transformations of G m of the interstices bounded by circles in P m . We have the following area estimate. (a) Since Pi is the first generation of P n arround CQ and the valence of P n is bounded by fco, Lemma 3.2 of [He] also holds for Ji defined here; where 62 and C3 denote some positive constants depending only on fco-(b) Hi, H2, --• , H n in [He] should be replaced by Pi, P2) • * * > Pn-The other notations need no changes. For example, Ui is the complement in C of the union of interstices and disks bounded by circles in Pi, etc.
(c) The last paragraph of page 405 should be replaced by:
Let A be a disk bounded by some circle c = dA of P k \ P fc _i, 2 < k < I -1, and let ZA be its center. Since the closed disk of radius Similarly, (3.12) and (3.7) in [He] should be replaced by (e) Line (3.14) of [He] should be replaced by 18R 2 7T{1 -6 2 ) (1 -6 2 /2) (3.14') C3 = max { 47r, (l -y/1 -62/2) 6 2 > □ Proof of Theorem 2.2 (continued). The rest of the proof is identical to that of the estimate on s n in [He, §2] . □ Proof of Theorem 2.1. The proof is the same as in the case of hexagonal packings (see also [Ro] ) except the following lemma which replaces the length-area argument. □
